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On the proximate order of growth of generating 
functions of Polya frequency sequences^ 

Maria Teresa Alzugaray 
Abstract 

We study the possible growth of PF r g.f.'s analytic in the unit 
disk and describe the proximate orders of growth of these functions. 
Some classical function theory results concerning orders of growth are 
generalized to the case of proximate orders. 
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1 Introduction and statement of re- 
sults. 



A sequence {ak}^L is called a Polya frequency sequence of order r, 
r 6 N U {oo}, also multiply positive sequence, if all minors of order 
< r (all minors if r = oo) of the infinite matrix 
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are non-negative. This class of sequences is denoted by PF r . We will 
also denote by PF r the class of corresponding generating functions 



h{z) = y^Qfc^ 



k=0 



The radius of convergence of the power series of a PF r generating 
function (PF r g.f.) is positive provided r > 2 p. 394). Further 
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we will suppose, without loss of generality, that ao = 1 and the radius 
of convergence is equal to 1, if it is not oo. We can do that because if 
h(z) £ PF r , then ah((3z) G PF r . for any positive a and (3. 

It is well known (see @] or @, p. 412) that 

Theorem [AESW] The class PF^ consists of the functions 

oo 

e^H(l+a k z)/(l-P k z), 
k=l 

where 7 > 0, a k > 0, (3^ > and Y^( a k + Pk) < °°- 

The problem of the complete characterization of PF r , 3 < r < 00, 
has not been solved yet. The study of possible zero-sets and growth of 
polynomials and entire functions belonging to PF r , r S N, has been 
carried out by I.J. Schoenberg, O.M. Katkova and I.V. Ostrovskii (see 



[13], [1C] and ||). We give a description of the possible growth of 
PF r g.f.'s that are analytic in the unit disc B. It turns out that the 
growth is arbitrary in some sense. Moreover, our construction provides 
a PF r g.f. which is analytic in C\{1} and has a given growth in the 
neighbourhood of z = 1. 

In this paper we will use the notion of proximate order. Recall 
that ( ||i"l|l , p. 32) by definition a proximate order (p.o.) is a function 
p(x) : M+ — > which belongs to C 1 (M+) and satisfies the conditions: 

(i) lim p(x) = p, < p < 00; 

x— >oo 

(ii) lim x^x log x = 0. 
We use the notation 

V(x) :=x p(x) . 

Property (ii) implies that V(x) is a strictly increasing function for 
x > xq for some xq > 0. Without loss of generality, we redefine p(x) 
on [0, xo) in such a way that V(x) is strictly increasing on M + and 
V(0) = 0. 

The following properties of the functions p(x) and V(x) can be 
proved by straightforward verification: 

(a) The function (ap(x)+b) / (cp(x)+d) — > (ap+b) / '(cp+d), x — > 00, 
is a p.o. (after redefining it on a finite interval if necessary) provided 
(ap + b)/(cp + d) > and cp + d / 0. 

(b) The function pi(x)p2{x) is a p.o. provided p\(x) and piix) are 
p.o.. 

(c) The function pi(V(x)) is a p.o. provided pi(t) is a p.o.. More- 
over, if Vi(x) = x Pl<yX ^ and V^x) = x p2<yX ^ with p.o. pi(x) and P2(%), 
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then V\{V2{x)) = V^(x) = x P3 ^ x \ where ps(x) = p\(V2(x)) p2(x) is a 
p.o.. 

(d) The inverse to V function can be represented in the form 
K-i(t) = t~P^\ where p(t) -^1/p, t — > oo, is a p.o., provided p > 0. 

(e) The function V{x) is a regularly varying function (see [fL4f ), 
that is 

uniformly on each interval 0<a<fc<6<oo. The proof of this 
property can be found in [11], p. 42. 

We say that the entire function f{z) is of p.o. p{x) if the number 

logMjxJ) 

is positive and finite. Evidently, the order of the entire function is 
p = lim^oo/^x). 

Analogously, we say that the function g(z) analytic in the unit disk 
is of p.o. p(x) if the number 



o g = lim sup 



log M(y,g) 
7(1/(1-!/)) 



is positive and finite. 

Suppose that g is analytic in {z : < \z — 1| < e}. We say that g 
has at z = 1 a singularity of p.o. p(r) if the number 

log Mi (x, 5) 

where 

Mi(x,g) := max |g(.z)|, x > 1/e, 

l/x<\z — 1\<£ 

is positive and finite. The number p = lim^oo p(x) will be called the 

order of singularity at z = 1. 

The first main result of this paper is the following: 

Theorem A Suppose that an integer r > 2 and a proximate order 

p{x) — > p, < p < 00, are given. There exists a function g analytic 

in D and possessing the following properties: 

(i) gePF r ; 

(ii) g is of p.o. p(x) in D; 

(iii) g is analytically extendable to C\{1} and has at z = 1 an essential 
singularity of p.o. p{x). 
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For the cases of p = and p = oo we only obtained the following 
results: 

Theorem B For any integer r > 2 there exists a function T 
analytic in D satisfying the following properties: 

(i) T< /'/•,.: 

(ii) T is of infinite order in B; 

(hi) T is analytically extendable to C\{1} and has at z = 1 an essential 
singularity of infinite order. 

Theorem C Suppose that an integer r > 2 and the numbers 
POj 1 < Po < 00 > an£ ^ °0) < o"o < oo, are given. There exists a 
function G(z) £ PF r analytic in C\{1} and possessing an essential 
singularity at z = 1 such that 

loglogM(y,G) 

bin SUp : j— 77 = po 

loglog(l/(l -y)) 

and, for po > 1, such that 

v log M(y,G) 

limSUp — ; 7777^7 = CTq. 

M /(io g (i/(i-j,))r 

The restrictions on po in Theorem C are necessary. Let us show 
this using the following result of ||: 

Theorem [DH] Let G(z) be a PF r g.f., r > 2 with radius of 
convergence of its power series equal to 1. Then (1 — z)G(z) is a 
PF r -! g.f. 

For any function G{z) G PF2 analytic in B, we have (1 — z)G(z) G 
PFi, therefore, lim^i- (l-y)M(y, G) > and log M (y, G) > log[l/(l- 
y)] + O(l), y — > l - . Thus, the quantity po ha Theorem C must be 
greater than or equal to 1. 



2 Preliminary results and proof of The- 
orem A. 

Our hrst lemma relates to the existence of an entire function of a 
given growth belonging to PF r , r £ N. It is an easy consequence of 
the main result of |J due to O.M. Katkova: 

Lemma 1 Suppose that an integer r > 2 and a proximate order 
p(x) — > p, < p < 00, are given. There exists a trascendental entire 
function of proximate order p(x) which belongs to PF r , r G N. 
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The next two lemmas permit to construct PF r sequences which 
will serve as sequences of Taylor coefficients of the functions whose 
existence is asserted by Theorem A. 

Lemma 2 Suppose that {c n }^ =0 G PF r ,r > 2,0 < J^c ra < oo. Set 

00 r un+r-l 



n=0 



(n + r) 



Then {4}felo G PF r- 

Proof We derive this lemma from the following theorem due to 
S. Karlin (§, p. 107): 

Theorem [Kar] Suppose that {c n }^i G PF r , r > 2, < Yl c n < 

00, a > r — 2. Set 



fa(x) 



En=oCnX n+a /T{n + a + l), x>0, 
0,x < 0. 



then f a {x) is a Poly a frequency function of the order r. 

Recall that, f a (x) is said to be a Polya frequency function of order 
r, if for any n < r and for any system of numbers X\ < 22 < • • • < 
x n ,yi < V2 < ■ ■ ■ < Vn, we have 



det\\f a (x j -y i m, j=1 >0. 

Setting a = r — 1, dk = f r -\(k),k = 0, ±1,±2, and taking 
= j — 1 and yi = i — 1, i,j£ N, we see that any minor of the 



x 



3 



matrix 



/ d d\ d 2 d 3 

do d\ c?2 

d d x 

do 



V 



can be written as a minor of the matrix ||/ r _i(xj — 2/i)||fj =1 - 
Lemma 3 Let 

f{ Z ) = Y,CnZ n 



□ 



(1) 



n=0 
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be an entire PF r g.f. and set 



oo 

Jr W ^ r (n + r) ^ n\ W 



n=0 n=r— 1 

Then 

oo 

^)=^/ r _ 1 (A;)^ 

fe=0 

zs a PF r g.f.. 

The lemma is an immediate corollary of Lemma |2[ 
Our final goal is to study the growth of the function g in Lemma ||. 
For this purpose we investigate the growth of the function f r ^\(z) =: 
Y^=ob n z n defined by @, where the coefficients c n are the ones in 
©■ 

For proving our next lemma we will need the theorem below, which 
is due to Levin (see p. 42): 

Theorem [Levin] Let p(x) — > p > 0, x — > oo, be a p.o.. For the 

entire function B(z) = J2^=o b n z n set 

log Mix, B) 
<7 B = hmsup — . 

n— too V \Js) 

Then 



{a B ep) l/p = limsup Vli(n) y^J 



Lemma 4 If the function is an entire function of p.o. p(x), then 
the function is an entire function of p. o. 

log^(x) p 

Pi(x) = — j > Pi = — T> x °°> 3 

log x p + 1 

where ip{x) is the inverse function oftV-\(t) and V-i(t) is the inverse 
function of V . 

Proof By (§) we have ip(x) = x?^ x \ and (V>0))-i = tV-^t). By 
the properties of p.o.'s d) and a) listed on p. |||, we have that p\(x) is 
a p.o. 

For proving that / r _i(z) is of p.o. p\{x) we calculate 
lim sup in) y/\b n \, 
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where b n are the Taylor coefficients of f r —\. 
We have 

hmsup^_i(n) ^/|6 n | = limsupny_i(n) \J c n - r+ i/n\ = 

n—*oo n^oo 

= elimsupy_i(n) ^/c n _ r+ i = elimsup V_i(n) yfc^. 
By Levin's theorem 

limsup^_i(n) \/|&n| = e(ci/ep) 1 / p 

n— »oo 

is positive and finite, thus pi(x) is the p.o. of f r -i(z). □ 

In the sequel, we will need a number of facts concerning functions 

oo 

h(z) = J2"kZ k (4) 

k=0 

which are analytic in D. 

The following lemma is an analogue of Levin's theorem for the case 
of functions analytic in the unit disk. 

Lemma 5 Let p(x) be a proximate order, p(x) — > p > 0, x — > oo, 
and £(t) the inverse function of xV(x). For the function (Q) set 

log M(y,h) 

a h = hmsup 

V(l/(l-y)) 



Then 



P+ 1 , \l/(p+l) r 1 I I 

-(oTiP) ; = hmsup— — log |a fc |. 



P k^oo k 

We could not find in the literature neither this result, nor the 



Lemmas |10| and 11, which will appear later, in spite of the fact that 
there are plenty of similar results with similar proofs (see, for example 
fl5| , [|l6| 1 where one can find further bibliography). For the reader's 
convenience we present the proofs in the last section of the paper. 

Theorem [Wigert] (see, for example [11], p. 394) The function 
h(z) defined by @ can be analytically extended to C\{1} and is equal 
to zero at infinity if and only if there exists an entire function A(z) 
whose growth is not greater than of order 1 and minimal type such 
that a k = A(k),k = 0,1,2,... . 
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As an improvement to Wigert's theorem Faber established the re- 
lation between the orders of growth of the functions A{z) and h{z) 
(see §] or [@, §1, Th. 1.3.11): 

Theorem [Faber] The function h(z) can be analytically extended 
to C\{1} and has at z = 1 a singularity of order p if and only if the 
entire function A{z) is of order of growth pa = p/{p + 1)- 

We were able to relate the p.o. of growth of the function h in D 
with the p.o. of growth of the function A when A has non-negative 
Taylor coefficients. 

Lemma 6 Let A(z) be an entire function of proximate order p\{x) — > 
pi, < pi < 1, x — > oo, with non-negative Taylor coefficients, such 
that A(n) = a n , n = 0,1,2,..., where a n are the coefficients of the 
function ^). Then h(z) is of p. o. 

<*0 = , wK ;; ( f » (5) 

in D, where 

f (t) = fi-wW ( 6 ) 
is the inverse of the function xV(x). Moreover, 

Also, A(z) is of order if and only if h(z) is of order in D. 

Proof By properties (a), (d) and (c) of proximate orders (see 
p. ^), we can conclude that p(x) is a p.o.. 

Now we want to prove that p(x) is the p.o. of (Q), i.e. that the 
number 

log M(y,h) 

a h = hm sup rr 

w-i- V{l/(l-y)) 

is positive and finite. We will prove it with the help of Lemma [|. 
Let £(x) and p(x) be defined by (||) and respectively. We have 
p(£(t)) = pi(t)/(l - pi(t)). Therefore, t = £(i)V(£(t)), which means 
that £(t) is the inverse function of xV(x). 

On the other hand, denoting V\{x) = x pl ( x \ we get by @ £(n)/n = 
1/V\{n) and, hence, 

£(n) log A(n) .. logM(ar,A) 
Iim sup log a ra = lim sup = lim sup , 

n^oo ra— >oo 'lv^J a;— >oo 'lv-EJ 



which is positive and finite. Note that we were able to write the last 
equality because A{z) has non-negative Taylor coefficients. Then by 
Lemma ||, p(x) is the proximate order of h(z). 

The last assertion of the lemma follows from the following result 
of Beuermann (see M): 

Theorem [Beuermann] For the function h(z), set 

log log M(y,h) 
A = hmsup- — —-- yT • 

y ^x- iog(V(i - y)) 

Then the following equality is valid 

A log + log + |a fc | 
hm sup ■ 



A + 1 fc^oo log k 

Thus, by Beuermann's theorem A{z) being of order is equivalent to 

\og\ogM(x,A) log log A(k) 
U = hm sup = hm sup ; 

x ^oo logx log A: 

log+log+ \a k \ log log M(y,h) 

= hm sup : = hm sup - — — - ^ . 

fc^oo log k log(l/(l-y)j 

□ 

The lemma below is a generalization of the theorem of Faber to 
the case of proximate orders that do not tend to zero at infinity. 

Lemma 7 Let h(z) be analytically extendable to C\{1} with a singu- 
larity at z = 1 of p.o. p(x) — > p > 0, x — > oo, and A{w) be of p.o. 
Pa(x) — ► pa < 1, x — > oo. Then 

,,, pirn) ,„ 

where £(t) is the inverse function ofxV(x). Moreover, 

p(x)= / A{ ^ X) ,\ ) ,nd m =t^. (8) 

Proof Our proof is based on the method used by Gelfond (see @) 
to obtain Faber's result. 

By hypothesis h(z) has at z = 1 an essential singularity of p.o. 
p(x). Thus, there exists a a and a x a such that 

max l\h(z)\ : \l-z\ = ij <exp{aV(x)} (9) 



for x > x a . 

On the other hand, since A(k) = a&, k = 0, 1, 2, . . . , we can write 
(see, for example, §1, equation (1.3.29)) 

A(w) = — — [ h(z)exp{-(w + 1) log z}dz, (10) 
2m J 

\z-l\=l/x 

where we take x > x a . Consider also x > 2, so |argz| < 2/x. We 
have 

| exp{ — (w + 1) log z}\ < exp / \w + 1| ( | log \z\\ H — ] 1 < exp ' 



for |1 — z\ = 1/x and \w\ large enough. 

Denoting | w| by t, and using (10), @ and (|ll|) we can write 

< exp <^ aV(x) H 



x 
(11) 



for i and x large enough. 

In the previous inequality we set x := £(5i/(pcr)), where £(i) is the 
inverse function of xV(x). Note that we can do that since £{t) is an 
increasing function (see properties of p.o.'s on p. |2|). We obtain 

W.)l<«p{.WW + p ^} 



= exp 1 5 
exp < 5 



P y e(5t/(pa)) 

But, since £(t) is a regularly varying function, 
5i, /5^ 1/( ^ 



e(— )= — e(*){i+o(i)}, t-oo. 

per Vp°v 
Thus, asymptotically 

\A(w)\ < exp {i^/^V^Hl + o(l)}} , t 

where K = K(p) > is a constant. 



oo, 
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Therefore, 

Conversely, suppose that pA(t) is the p.o. of A(w), i.e. 

logAf(t,A) 

<7a = hm sup — — , 

t^oo VA\t) 

where Va(£) = t PA ^\ is positive and finite. Then for a > a a the 
following asymptotic inequality holds 

\A(w)\ < exp{*V A (t)}. (13) 

On the other hand, we have h(z) = H(l/(1 — z)), where H is an 
entire function. Moreover, 

Mi(x, h) = m&x{\h(z)\ : e > \z - 1| > 1/x} 

= max{\H(w)\ : \w\ < x} = M(x,H), 

so the p.o.'s of the function H and of the essential singularity z = 1 
of h coincide. Also, h(z) = H(z/(l — z)) and the inequality 

M(t — 1,H)< M(t, H) < M(t + 1, H) 

shows that H and H are of the same p.o.. 
Denoting zj (1 — z) by £ we have that 

oo oo 

/>(z) = J> fe / = (i + C)J>„C n . 

k=0 n=0 

Note that the p.o.'s of H(w) and Yl^Lo hnC n coincide. Next we 
calculate the coefficients h n : 



OO 

^) = (i + c)E^ (1 + c)fc+ i 



= (i+oEa fc c fc ff;( m , + ")(-irc" 

k=0 \m=0 ^ ' 

= ( 1 +c)E o (E(- 1 ) B - fc (3^) < n 



ii 



Thus, we have 



k=0 v J 



On the other hand, it is not difficult to see that 
A(w) ^ a k 



E 



w(w — 1) . . . (w — n) w — k' 



where 



(w - k)A{w) 



\ (n 



w=k 



nl \k 



w(w — 1) ... (w — n) 
Therefore, by the residue theorem we can write 

A[w 



(-1) 



n—k , 



h r . 



2tH 



\w\=R 



w(w — l)...(w — n) 



dw, 



for R > n. 

It is obvious that 



ltlnl - n -(R-l)...(R-n) 



n\ F{ * {R) n) M(R,A), R>n. 



Taking R large enough in the previous inequality, we obtain by 
13) that 



K\ <n! r( ^ m re) e W {<?V A (R)}. 



Thus, 



|/U 1/n < 



r(JB) 

n\T{R-n^ 1,n 
T(R) 



- a 



exp{-V A (R)}. 



n 



(14) 



Now we denote by R(t) the function inverse to Va{x) and set R := 
R(n) on the right-hand side of (|L1|). We can do this because R(t) = 
£°w, where a(t) is a p.o. such that a(t) — > 1/p^ > 1, t — > oo (see 
properties on p. ||). So linin^oo i?(n) /n = oo. 

We apply the Stirling formula to the right hand of ( |l~4| ) . Note that 



(R(n)) 



l/n _ n a(n)/n 



1, n 



oo, 
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so, when n — > oo, 

• J R(n)^ i^(n)/ " 



[r(i?)] 



l/n 



n \ 



exp{ara a 1 logn — n a 1 }, (15) 



where a = a(n). 

Also, when n —* oo, 



[r(ii-n)] 1 /" ' " 



e 



n — n\ In 



l-a\n a - L -l 



(1 - n L - a ) 

e ' 

= exp^n"- 1 - 1) log n - n^ 1 + 1}(1 - r! 1 ^)""" 1 " 1 

~ exp{a(n Q - 1 - 1) log n-n^ 1 }, (16) 

where a = a(n) — ► 1/pa > 1 3 ^ ^ oo. 

By ( |l5| ) and dl6|), we have that the right hand of (|14|), when n — > 
oo, is equivalent to 

— exp{a(n a_1 — 1) log n — n a ~ l — an 01 ' 1 log n + n a_1 + a} 

e 

= e°- 1 -^-{l + o(l)}, n-oo. 
f£(n) 

Thus, 

hmsup Pnl 7 < oo. 

Note that log[(i?(t)/i)_i]/logx, where (i?(i)/i)_i(x) is the inverse 
function to R(t)/t, is a p.o.. By Levin's Theorem we have 

hmsup-——-— — < oo. (17) 

We will say that H is "not greater than" (R(t)/t)_i(x). 

Now we will prove that the quantities we refer to in (jl2|) and (|17| ) , 
that is lim sup^^ log M(t, A) /V(£(t)) and lim sup^^ log M (x, H)/{R(t) /t). 
are also both positive. 
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For V A (t) we can find a V(x) = x^*) such that V A (t) = V(f (f)) 
and £(t) = (xV(x))- 1 . Indeed, setting £(t) = t/V A (t) and V(x) = 
(£(i))-i/x, we have £(t) = and K A (t) = t/Z{t) = 

We will prove that p(x) is the p.o. of h(z). 

By what was proved earlier, H is "not greater than" (R(t)/t))—i, 
R(t) = (Va(x))-i. But fl(t) = (Va(x))_i = = £-1(^-1 (*)) 

tV-i(t) because is the inverse function to xV(x). Thus, 



logM(t,ff) 
iimsup — — < oo. 



Now suppose that 



r log M(t,H) 
hmsup — = 0, 

t^oo V (t) 



then, by flT|) 



r logM(M) 

h ^ p -^)T = ' 

which contradicts the fact V(£(t)) = V A (t). 
We have necessarily 

log M(t,H) 
< hm sup — — < oo 

and h(z) is a function of p.o. p(x) = log V{x)/ log x. 
Note that 

logV(e(t)) p(g(t)) 
logi logt + l 

and hence 



\- PA {s-i(x)y 

By construction £(t) = (xV(x))-i = t/V A (t). □ 

The following result is closely related to the main result of due 
to Macintyre and Wilson: 

Lemma 8 Let h be a function analytic in B of order greater than 
whose Taylor coefficients are interpolated by the entire function A of 
order less than 1 and having non-negative Taylor coefficients. Then 
the p.o. of h in D and the p.o. of its singularity at z = 1 coincide. 
Also, h is of order in D if and only if its singularity at z = 1 is of 
order 0. 
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The lemma is an immediate consequence of Lemmas || and |7| and 
Faber's theorem. 

Proof of Theorem A Let r > 2 and a p.o. p(x) be given. Let 
f(z) be the entire function whose existence is established by Lemma ||. 
Set 

CO 

g(z)=J2fr-l(k)z k , 

k=0 

where f r —x is defined by (|2|). According to Lemma || we have g(z) G 
PF r . 

By Lemma |] the function / r _i(z) is an entire function of order 
pi = p/(p + 1) < 1. According to Lemma || g(z) is of p.o. 

in B, where is the p.o. of the function f r ^\{z) and 

^(t) = t l -P^\ (19) 

Now we will show that p(x) = p(x). 
By virtue of Lemma |] we have 

p^ x ) = ~~n; — ' ( 20 ) 

log X 

where ip(x) is the inverse function of tV-i(t), V(x) = x p<yX \ and p{x) 
is the p.o. of the function f(z). 

For the function £(t) defined by (§) the following equality holds 

£ty- 1 (t)) = V- 1 (t). (21) 

Indeed, by (|l9|), ( |20| ) and the definition of "0 we can write 



C(^-iW) = (V'-i(t)) 1_pl( ^ lW) = ^_ 1 (t) 1 - los */ log,/, - 1 W = 

exp{(l- ° St )IogV-i(t)> = exp{logV-i(f)-log<} = VLi(t). 
log^_i(t) 



Now with the aid of (|21| ) , ( |18|) , (|20|) and the definition of V we are 
able to write 



i- P1 (^-i(t)) 
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log* _ log* _ logV(V_i(t)) 



log V-i (t) - log f log K_i (i) log 7_i (t) 
Thus, we have shown that p{x) = p(x). 

On the other hand, the Wigert theorem is applicable to the func- 
tion g and it shows that g(z) can be extended to C\{1}. According 
to Lemma |8| g(z) has at z = 1 an essential singularity of p.o. p(x).0 



3 Preliminary results and proof of The- 
orem B. 

The following result due to O.M. Katkova and I.V. Ostrovskii will be 
useful to prove Theorem B. 

Theorem [KatOst] Let g\ be an arbitrary entire function which 
is positive on the positive x-axis and such that gi(0) = 1. For every 
r G N there exists an entire function gi E PF r such that gig\ G PF r . 

Lemma 9 There exists an entire function of infinite order belonging 
to PF r , r e N. 

This lemma is a consequence of Theorem [KatOst]. Indeed, let 
gi = YlnLo <Pn zn be an entire function of infinite order with positive 
coefficients. By Theorem [KatOst] there exists an entire function g2 
such that $ = 5251 £ PF r . Evidently, <&(z) is of infinite order. 

Proof of Theorem B Let the integer r > 2 be given. Let 

oo 
n=0 

be the entire PF r g.f. of infinite order whose existence is established 
by Lemma |9[ Setting c n = <p n , f{z) = $(z) and 

n=0 V ; 

in Lemma 3, we obtain that the function 

oo 

T(z) =Y,^i{k)z k 

k=0 

is a PF r g.f.. 
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Using Hadamard and Stirling formulas we will show that the entire 
function $ r _i(z) is of order 1. Indeed, its order is equal to 



lim sup - 
n->oo log(n! 



nlogn 



Vn—r+l, 



lim inf 

n— >oo 



log(n!) log(l 
ralogn 



ralogn 



since &(z) is of infinite order, which means that 

nlogn 



lim sup- 

n^oo log(l/0 n _ r .+i, 



OO. 



Moreover, $ r _i(z) is of minimal type. Indeed, for any e > we have 
the asymptotic inequality <p n < e n and, thus, M(x, ^r-i) = ^r-i(x) < 
0(x r ~ 1 exp{ex}), for x — > oo. 

Suppose that T(z) is of finite order p in D, then by Lemma ^ the 
function <3? r _i is of order of growth equal to p/(p + 1) < 1 which is a 
contradiction. Hence, the order of growth of T in D is infinite. 

The Wigert theorem can be applied to T(z) showing that this 



function can be analytically continued to C\{1}. By Lemma 
has an essential singularity of infinite order at z = 1. □ 



T(z) 



4 Preliminary results and proof of The- 
orem C. 

For proving Theorem C we will need the lemmas below which are 
analogs of Hadamard formulas connecting the growth of a function 
with its Taylor coefficients. We present the proofs of these lemmas in 
the last section of the paper. 

Lemma 10 Let F{z) = YlnLo C n z n be an entire trascendental func- 
tion. Set 

loglogM(x,F) 
po = hmsup — 

x -,oo log log X 

and, for 1 < po < 00 , set 

log M(x,F) 
<7o = lim sup — r . 

x-,oo (logs)» 

Then 

— lim sup ■ 



(po-1)^'- 1 (log(l/|C n |)) 



po — 1 ' 
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We say that the function F(z) of Lemma ^ is of logarithmic order 
po and logarithmic type ctq. 

Lemma 11 Let h(z) = ^2kLoO-kZ k be a function analytic in D. Set 

log log M(y,h) 

po = lim sup - — j— j- . 

y^i- log log 1/(1 -y) 



Let po satisfy 1 < po < oo, and for po > 1 set 

log M(y,h) 

LIP — 

Then 



a = lim sup - — —- 

(iog(i/(i -y))r 



log + log + |a fc | log + |a fc 
= lmi sup — - — ana <tq = lim sup 



fc^oo log log k fe^oo (logfc)«> 



Proof of Theorem C Applying Lemma |l] with p(x) = po log log x / log x, 

V(x) = x p<yX ^ we have that for any given r G N there exists an entire 
trascendental function 



F(z) = £ Q 



oo 
n=0 



of logarithmic order po and of logarithmic type o~o belonging to PF r . 
Setting c = C n , /(z) = and/ r _i(*) = F r _ x (;e) = £~ G^" 1 /T(n+ 
r) in Lemma ^ we obtain that the function 

oo oo 

G(z) = Y,Fr-i(k)z k = Y,D k 

fc=0 fc=0 



z k 



is a PF r g. f.. 

Note that the logarithmic order and type of the entire functions 
F(z) and F r -i(z) coincide. Indeed, 

log log M (a;, F) 
po = hmsup - — : . 

x^oo log log x 



Therefore, by Lemma 10, we have 



Po-1 logn 
nm sup : 



PO n^oo loglog(l/C n )- 
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Noting that 

. log(l/C w ) 
limint T ^ — > 1, tor some a > 0, 

n— >oc 

we can calculate 



n l+a 



logn Po - 1 
lim sup - — - — — — = . 

n ^oo loglog(T(n + r)/C n ) po 

Hence, applying Lemma [l0| , 

loglogM(z,.F r _i) 
po = nmsup — : . 

aj-^oo log log X 

Analogously, the logarithmic types coincide because 



lim sup — — — — — — r = lim sup 



(log(T(n + r)/C„))Po-i (log(l/C„))A.-i • 

Hence, the function F r _i(z) is an entire function of order 0. By 
Wigert's Theorem G(z) can be extended to C\{1}. 

Since the coefficients of F r -\(z) are non-negative we have F r -.\(x) = 
M(x,F r _i) for x > and therefore, remembering that = F r _i(k) 
we can write 

loglogF r _i(t) loglogD fc 
po = hmsup — - — = hmsup - — : — 

t^oo log log t k^oo log log k 

and 

logF r _i(t) logD k , . 
do = hmsup — r = hmsup — — — , tor po > 1. 

t _>o/ (logt)*> (log k)Po 

Applying Lemma [ll] to G{z) we can assert that 

log log M(y,G) 

lim sup - — - — — — = p Q 

y _+x- loglog(l/(l -y)) 

and 

log M(y,h) 
hmsup - — —j- r— ^ = Co, for po > 1. 

y ^i- (log(l/(l -y))r 

Note that the point z = 1 must be an essential singularity of the 
function G, since the entire function -F r _i interpolating G"s coefficients 
is trascendental. □ 
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5 Proofs of Lemmas |5], [tQ and |tt| 

Proof of Lemma ||] Let denote 

77 = limsup — — log I dfc I . 

k^oo K 

First we prove that 77 < (p + l)(cr/ l p) 1 ^ p+1 V/ 9 - If a h = +00, then 
the inequality is trivial. Suppose a < +00 and a > Oh- Then 

log M(y,h) < <tV(-—), for yo < V < 1, 

1 - y 

which yields 

log|o fc | < aV{- ) + /clog-, 

1-2/ y 

for yo < V < 1 an d all k = 0, 1, 2, ... . 

Setting y = {£,{k/{ap)) — l)/^(k/{ap)) we obtain 



k A / C( 



log\a k \ < aV [((—))+ klog 



for sufficiently large A;. 

Remembering that is the inverse function of xV(x) we can 
write 

k k 

log lojfcl < T 1 ;— {1 + O(l)} 

= P+1 ,. fe fc . {1 + 0(1)}, fc-oo. 

By properties (a) and (d) of proximate orders (see p. |2[) we have 
that \{t) = V(t) = t p[t \ p(t) -> l/(p + 1), i 00. Hence, 

Jim 1^2 = /V(P+D 

and 

Therefore, for an arbitrary e > we can assert that asymptotically 

log^K^ap) 1 /^) * (l + e) 
p £(k) 
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and, thus, 

r^limsup^logkl < ^(a^) 1 /^). 

fe^oo K P 

Now we want to prove that rj > (p + l)(cr/ l p) 1 /( p+1 )/p. If r/ = +00, 
then the inequality is trivial. Suppose that rj < +00 and rj = (p + 
l)(ap) 1 ^ /9+1 Vp for some a < ah- We will obtain a contradiction. 
Choose <7i, a < <7i < cj/j. Then 

f p+ l (o-ipWtP+i) ) 
log |a fc | + A; logy < k -j — ^ hlogyS, A; > /co- 



in the previous inequality we put 

k 



1 - y 1 - y' 

meaning k equal to the entire part of the number between parenthesis 
and assuming 1 — y so small that k > ko- Remembering that 
is increasing and a regularly varying function (property (e)), for an 
arbitrary e > we can write the following inequality for k > ko 

log \a k \ + A: logy 

°kp T „ 1 Jp+i L 



i-y \V°W p / 

(remember that is the inverse function of xV(x)). 
Since o\joh < 1, we have 

logK| + At logy < ^^(j^X 1 + e )> 
for some 5 < 1, which yields 

r fog p(y,h) 

hmsu P T /n 771 yT = ^ < <7 ft> 

where /i(y, h) = max{|afc|y fe : Ac € N U {0}}. 
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On the other hand, for any y' > y the inequalities 

oo / \ k i 

M(y,h)<J2\a k \(y') k (±) <-^—^y',h) 

\y'J y'-y 



hold. Setting y' = 1 — s + sy, where s, < s < 1, is to be chosen 
later, we obtain 



M(y,h)<- -p(l- 8 + ay,h). (22) 

(1 - s)(l - y) 

Since p > and V(x) is a regularly varying function it follows that 



log M(y,/i) log/x(l- s + sy,h) 
a h = hmsup r- < hmsup — - 

if-i- W-j)) nW-!/)) 

log fi(l-s + sy,h) V(l/(s(l-y))) 

< iim SUP ; - ; r-r-r lim ; - rr 

" y-+i-V(l/(l-(l-s + sy))) y ^i- V(l/(l-y)) 

Taking an s, such that (a^/ah) 1 ^ < s < 1, we obtain ah < cr^, 
which shows that the inequality a^ < ah obtained earlier, and hence 
a < ah, is impossible. □ 

Proof of Lemma |l^ Let to > o"o, r > pq, then asymptotically 

log M (x, F) <lu (log x) T . (23) 

Thus, 

log \C n \ < u;(log2;) T — nlogx 

asymptotically with respect to x and for n = 0,1,2,.... 

The usual method of finding extrema applied to the right side of 
the previous inequality shows that asymptotically 

/ 77 \ t/(t — 1) 

log |C n |< u,(l -r)( — ) . (24) 

Conversely, assume that the asymptotic inequality (24) holds. Then 
\C n x n \ < Kiexp{h(n)} 
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for n = 0,1,2,..., and x > 1, where K\ = K\(uj,t) is a positive 
constant and 

uj(t — 1) T " 

h(n) = -Kn 11 + nlogx, K=- — _ > 0, rj 



(wr)^- 1 ) ' ' r- 1' 

We next analyze /i(n) for real values of its argument. Since r\ > 1, 
the function h(n) attains its maximum equal to 



, \ l/(r/-l) 
log X x ' w ; 



at the point 

" ' Kr, 

Substituting K and r\ for their expressions in terms of uj and r we 
obtain the asymptotic inequality 

log/i(x,F) < w(logx) T , 

where //(sc, F) = max{|C n |x n : n G N U {0}}. 
On the other hand, for any x' > x > 0, 

oo # 

X 1 J X' — X' 



M(x,F) <J2\Cn\(xT (-7) <-7— M^^)- 



n=0 

Setting 2' = 2x we obtain 

log M(x, F) < w(log 2x) T + log 2 

and 

log M(x, F) < (oj + e) (log x) T (25) 

asymptotically for any arbitrary e > 0. 

Thus (H) follows from (||) and (||) from (H). This shows that 
the logarithmic order of the function F{z) is the infimum of the num- 
bers r satisfying (^) and the logarithmic type of the same function is 
the infimum of the numbers u satisfying ( f24|) for r equal to po • From 
this conclusion both assertions of the theorem follow at once. □ 

Proof of Lemma 11 Let u > o"o, t > po, then asymptotically 

\ogM(y,h) <u;(^ogj^-J . (26) 
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In the previous inequality, for k large enough, we set y = (k — 1) /k, 
obtaining asymptotically 

logK| < (w + e)(logfc) T (27) 

for any arbitrary e > 0. 

Conversely, assume that the asymptotic inequality (|27|) holds. Then 



\a k \y k < K ie xp{h(k)} 

for k = 1, 2, 3, . . . and y < 1 close enough to 1, where K\ is a positive 
constant and 

h(k) = (lu + s) (log k) T + k log y. 

We next analyze h(k) for real values of its argument k > 1. We 
have linifc^oo = — oo. Also, 

, r(o; + g )(logfc)^ 1 
/i (fe) = + logy, 

which means that for y < 1 close enough to 1 we have h'(2) > 0. On 
the other hand, h'(k) — > logy < 0, k — > cxd. We can conclude that, 
for y < 1 close enough to 1, the function h(k) attains its maximum 
on the interval [2, oo) at a point k such that h'(k) = 0. It is easy to 
prove that h'(k) = yields 

fc = ^^(lo gT ^) T "(l + o(l)),y-l-, 
i - y V 1 - yJ 

and ^ 

h(k) = {uj + e) {log -^-^J (1 + o(l)), y - I". 

Thus, 

/u(y, /i) < exp | (w + 2s) {log j^— 

for any arbitrary e > and y close enough to 1~. 

Now using (22) and remembering that r > 1 we can write the 
following inequalities 

and 

M(y,h) < exp | (u + ei) ^log 1 (28) 
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< s < 1 and y close enough to 1 
) and 



for any arbitrary e\ > and s 
Thus, (^) follows from (^j 



from (27). This shows that 
the order of the function h(z) is the infimum of the numbers r satisfy- 
ing (27) and the type of this function is the infimum of the numbers u 
satisfying (^7j) for r equal to p$. From this conclusion both assertions 
of the theorem follow at once. □ 
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